MATH 116 — PRACTICE FOR EXAM 2

Generated October 9, 2020
NaAME: _ SOLUTIONS

INSTRUCTOR: SECTION NUMBER:

1. This exam has 4 questions. Note that the problems are not of equal difficulty, so you may want to skip
over and return to a problem on which you are stuck.

2. Do not separate the pages of the exam. If any pages do become separated, write your name on them
and point them out to your instructor when you hand in the exam.

3. Please read the instructions for each individual exercise carefully. One of the skills being tested on
this exam is your ability to interpret questions, so instructors will not answer questions about exam
problems during the exam.

4. Show an appropriate amount of work (including appropriate explanation) for each exercise so that the
graders can see not only the answer but also how you obtained it. Include units in your answers where
appropriate.

5. You may use any calculator except a TI-92 (or other calculator with a full alphanumeric keypad).
However, you must show work for any calculation which we have learned how to do in this course. You
are also allowed two sides of a 3" x 5" note card.

6. If you use graphs or tables to obtain an answer, be certain to include an explanation and sketch of the
graph, and to write out the entries of the table that you use.

7. You must use the methods learned in this course to solve all problems.

Semester | Exam | Problem | Name | Points | Score
Winter 2020 1 10 7
Winter 2020 1 4 5
Fall 2019 1 6 7
Winter 2018 2 8 7
Total 26

Recommended time (based on points): 23 minutes
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10. [7 points] Consider functions f and g that satisfy all of the following:
e f(x) is defined, positive, and continuous for all = > 1.

. lim+ f(x) =00 (so f(x) has a vertical asymptote at = = 1).
z—1

e g(z) is defined and differentiable for all real numbers z, and ¢'(x) is continuous.

d (g(“")> — f(z) forall 2 > 1.

o — 2
dr \ Inx

1
e The tangent line to g(x) at = = 1 is given by the equation y = §(x —1). Graphs of g(x)
(solid) and this tangent line (dashed) are shown below.

y
3,,
y = g(x)
2,,
N = S
-------- y=3(x—1)
\_—7'—" —————— L + X
S 2 3 4
—1

3
Determine whether the integral f(x) dz converges or diverges.

o If the integral converges, cifcle “Converges”, find its exact value, and write the exact
value on the answer blank provided.

e If the integral diverges, circle “Diverges” and carefully justify your answer.

Show every step of your work carefully, and make sure that you use correct notation.

Solution: Since f(x) has a vertical asymptote at = = 1, we write

/13 f(x) de = al_i}r% /:’ f(x) dzx
g(@) |’

a1+ Inx a
i (90 0@
a—1t \ In3  Ilna
2 . g(a)
=— —1
In3 aigl+ Ina
2 _ g'(a) , :
= — — lim where we applied I’'Hopital’s Rule
In3  as1t+ 1/a
212
In3 1
So this improper integral converges.
Clircle one:
2 1
3 — == 3
/ f(x) dz converges to In3 2 or / f(x) dx diverges
1 1
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3
1
4. [5 points] Determine whether the integral / i dx converges or diverges.
o T

o If the integral converges, circle “Converges”, find its exact value, and write the exact
value on the answer blank provided.

e If the integral diverges, circle “Diverges” and carefully justify your answer.

In either case, you must show all your work and use proper notation. Evaluation of integrals
must be done without using a calculator.

1
Note that —— = z~7/4,

/4
Clircle one:
3—(7r/4)+1
51 T 1 1 )
dr  converges to (w/4) + or —— dx diverges
0 /4 0 /4

Solution:

3 1 3 1 3
/ —— dz = lim —— dz = lim 27 dg
0 xm/4 a—0t J, xm/4 a—0t J,

=3
2=/ D+

- lim
0t —(1/4) + 1
r=a

. [3—(7r/4)+1 a—(T/4+1
= 1

a0+ —(7/4)+1  —(x/4)+1
3—(r/4)+1 .
e T 1 —_— . .t.
—(m/4) +1 (since —(m/4) 4 1 is positive)
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6. [7 points] Does the following integral converge or diverge? Be sure to show all work and
indicate any theorems you use.

/°° 5$+cos(x)—1d
x
10 2$3+2x+7

Answer (Circle one): Diverges

Justification:

Solution: Since cos(x) < 1, we have bz + cos(z) — 1 < bz,
We also know 223 + 2z + 7 > 223 for all z > 0. Therefore

5z +cos(z)—1 bxr 5

203 + 20+ 7 223~ 222

for x > 10.
oo

5
By the p-test, with p =2 > 1, we know that / 502 dx converges.
10 <%

*° 5x + cos(z) — 1
Therefore, by the (Direct) C ison Test for i integrals, d
erefore, by the (Direct) Comparison Test for improper integrals /1 Y

also converges.

University of Michigan Department of Mathematics Fall, 2019 Math 116 Exam 1 Problem 6 Solution
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8. [7 points] Consider the integral
oo, TT
/ e dx,
1 xT

a. [3 points] Show that this integral converges for » < 0. Show all work and indicate
any convergence tests used.

where r is a constant.

rT

Solution: We know that e < e for all z > 1.
x

[e.9]
Further, when r < 0, we know that / e’ dx converges by exponential decay test.
1

T

o0
Therefore, by (direct) comparison test, / — dx converges.
1 X

b. [4 points] Show that the integral diverges for » > 0. Show all work and indicate any
convergence tests used.

et 1
Solution: Now, when r > 1, we know that ¢"* > 1 for all z > 1, so — > —.
x x
®dr . .
— diverges by p-test with p = 1.
x
1 o0 rT
Therefore, by comparison, / — dx diverges.
1 i
Alternative solution:
For r > 0, lim — = oo. Since the integrand approaches infinity, the integral diverges.
r—00 I
rT 1
This still leaves the 7 = 0 case. In this case, — = —, so the integral diverges by p-test
x x
with p = 1.
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